Recently, an observer-based controller was developed for linear stochastic discrete-time dynamical systems with uncertain parameters. The developed state estimator was based on Kalman filter, and it incorporates the statistical information of the uncertain parameters in its structure. Such an estimator has been used to design an observerbased controller for this class of systems. In this paper, the stability of the resulting closed loop system is analyzed in a theoretical frame work. A numerical example and a practical case study are given to illustrate our analytical analysis.
Introduction
Since most, if not all, real control systems are stochastic by their nature, and their states are not accessible to direct measurements. State reconstruct of these systems is mandatory in order to generate the desired control strategies. For linear dynamical system with random disturbances, the state estimation problem has been solved using Kalman filter (KF) [1] . In standard Kalman filter, the system model and the noise characteristics have to be specified a priori. However, if there is an uncertainty in any of these characteristics, the filter may not be robust enough. For state estimation of linear discrete systems with uncertain parameters, interested readers can refer to [2] and references therein. On the other hand, for nonlinear dynamical systems, the stability, and hence the robustness of the estimator become worse. Several algorithms have been proposed to estimate the states of nonlinear systems [3] [4] [5] [6] [7] [8] and references therein. In general, the extended Kalman filter (EKF) is the most extensively used algorithm for state estimation of nonlinear systems. However, it is not the optimal estimator, and it may diverge if the system acquires strong nonlinearities, or the initial estimate of the state is wrong, or the process is modeled incorrectly, owing to linearization [9, 10] .
Recently, a first and second order extended finite impulse response filters are addressed for suboptimal estimation of nonlinear discrete-time state space models with additive white Gaussian noise [11] . Also, a p-shift finite impulse response unbiased estimator for linear discrete time-varying is proposed in [12] . These are new Kalman-like filters which ignore the noise statistics and the initial error statistics, and showed to be more robust against uncertainties than the Kalman filter.
In this paper, a closed loop stochastic controller is presented for linear stochastic discrete-time dynamical system with uncertain parameters. A recently developed approach [13] , which showed to be robust and gives better results than KF and EKF, is used to estimate the states of such a system. The estimated states are then used to generate the desired observer-based control strategy. It is shown, both theoretically and through a practical case study, that the proposed procedure leads to an asymptotically stable system. The rest of the paper is organized as follows. In section 2, the control problem for stochastic linear discrete-time dynamical systems with uncertain parameters is formulated. In section 3 the mathematical structure of the estimator is presented. The proposed control strategy is given in section 4. In section 5, we investigate the stability of the closed loop system. Illustrative examples are presented in section 6, and the paper is concluded in section 7. w v + are assumed to be all independent. Moreover, it is assumed that the model has the following properties:
Since the parameters of the system are uncertain, then we have a bilinear estimation problem rather than linear, which intern leads to a non-Gaussian estimation problem. Our objective is to get a good estimator for the state vector, and hence use the estimated states to generate the desired control signal.
The Developed Estimator
Let us for the moment consider the following problem:
The system model (1') has the same definitions and properties as that given by (1) .
State estimation problems with uncertain parameters is usually solved using extended Kalman filter (EKF) in which the parameters are treated as static states, i.e. 
where β is the vector of the mean or nominal values of the parameters and Σ is its covariance matrix. This approach increases the dimensionality of the problem, and hence the computational burden. To avoid this difficulty, the nominal values of the parameters will be used in the estimator. However, the impact of this approximation on the dynamics of the estimator will be investigated.
Assume that the filtered estimate |k k x and its associated covariance matrix
are given at the sampling instant k. These values are then used to approximate the conditional probability density
by a Gaussian distribution. Therefore, the filtered estimate of system (1') and its associated covariance matrix are given by [13] : a) The predicted estimate of the state vector 
where A , C are respectively the system matrix and the output matrix with the nominal (mean) values of the parameters, 1| k k y + is the error vector given by:
Finally, the different matrices are defined as follows: 
Control Design
Since parameters of the system (1) as well as the states are random, the system is bilinear rather than linear. In general, the separation principle does not hold. However, from the control point of view, the problem will be treated as a linear deterministic control problem and the resulted controller will be used with the stochastic problem. The stability of the closed loop system will be analysed in section 5.
Let us consider the following servo-mechanism discrete-time linear deterministic system:
Subject to:
where n k x R ∈ is the state vector assumed to be deterministic, nxn A R ∈ is the system matrix with the nominal values of the parameters, while other variables are as defined in section 2.
The optimal control strategy of this system is given by [14] : Since the state vector k x is not available for direct measurement, it will be replaced by |k k x in (17).
Stability Analysis
For simplicity, we assume that the origin is the zero equilibrium of (1-b) and (16). In other words we let 0 d = , and 0 d x = in (1-a) and (15) . Therefore, the closed loop stochastic system and its associated state estimator are such that: (21), and after some algebraic manipulation, we get: 
Grouping (21) and (24), we get the following augmented system:
where
where 11 12 , 0 , then from the model properties (2) and the characteristics of the input and output noise vectors, the expected value of (26) takes the form:
In ( Therefore, the closed loop stochastic control system is asymptotically stable.
Simulation Results

Numerical Example
To investigate the effectiveness of the developed estimator, we employ firstly the following numerical values of a two dimension (2-D) discrete-time linear system model:
where | P I ο ο = , 2 2 x I R ∈ is the unity matrix.
The states of the system are estimated using the developed filter, KF, and EKF. 0.1 , 0.1 Q I R = = and different levels of uncertainties in the system parameters are used in our simulation. For comparison purposes, Monte Carlo simulation is applied to explore the qualitative behaviour of the root mean square errors (RMSE) of the estimated states resulting from the application of the three filters. This is defined by:
where MI is the number of Monte Carlo iterations. Moreover, the root mean square error index (RMSE index) for each state is calculated using the following formula:
Table (1) shows the RMSE indices calculated over 100 Monte Carlo iterations for each case study while using the three filters. Div.
From Table 1 , the proposed filter has the best performance in all cases. It has the minimum RMSE index calculated over 100 Monte Carlo iterations, whereas the (EKF) fails to estimate the states since it diverges. The RMSE plots of the states using the three filters for Case-b are shown in Figures (1-2) , and for Case-c are shown in Figures (3-4) . x (Case-c)
Case Study
The transfer function of a DC motor is given by [15] :
where, θ is the motor angle displacement.
θ is the motor rotating speed, where
a i is the armature winding current E is the applied voltage. 
State estimation under no control
The continuous state equation of the DC motor is:
where E=150 is the reference input. The above model is discretized using Euler's method with sampling period Ts= 0.005. Therefore, the discrete model is such as: 
where, the system model is corrupted by an input noise ( ) (0,0.1)
The system parameters , ,
R , are assumed to be uncertain with a standard deviation equals to certain percentage n P of their nominal values. To show the effectiveness of the proposed estimator, the states of the system are estimated using the developed filter, Kalman filter (KF), and EKF. Different values of , Q R and different levels of uncertainties in the system parameters are used in our simulation. For comparison purposes, Monte Carlo simulation is applied to explore the qualitative behaviour of the root mean square errors (RMSE) of the estimated states resulting from the application of the three filters as well as the root mean square error index (RMSE index) for each state .
Table (2) shows the RMSE indices calculated over 100 Monte Carlo iterations for each case study while using the three filters. RMSE plots for Case-b are shown in Figures (5-7) . From the simulation results, the proposed estimation procedure showed to be the best, and leads to the minimum value of the RMSE index. Therefore, it will be used for the implementation of the observer-based controller.
Observer-based Controller
For the problem in hand, it is desired to regulate the system to the rotating speed 76.8085
The initial values for the states, the estimated states, and covariance matrix P are as follows: , and the percentage change in the parameters is 10% n P = . The actual and estimated closed loop trajectories as well as the control signal are shown in Figures (8-11) . In this paper, an observer-based controller for linear stochastic discrete-time dynamical systems with uncertain parameters is presented. Although the state estimator uses the nominal values of the parameters, it incorporates the statistical information of the uncertain parameters in the covariance matrix, and hence in the estimator gain matrix. The estimated states are employed to generate the required control signal. Through a rigorous analytical analysis, it is shown that this approach leads to an asymptotically stable closed loop system. Application of the proposed estimator to a 2-D model and the 3-D model of a DC motor show the effectiveness of the estimator. Moreover, the proposed observer-based controller is applied to the DC motor and obtained results proved the asymptotic stability of the closed loop system.
